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ABSTRACT 

An  arbitrary  load  impedanoe  is  matched  over  a wide  band  of 
frequencies  to  a oonstant-resistanoe  generator  by  means  of  a passive, 
dissipative  4-pole.  Theoretical  limitations  are  derived  whioh  relate 
the  power  dissipated  in  the  load  to  the  impedanoe  mismatoh  seen  by  the 
generator.  The  optimum  matohing  network  from  the  standpoint  of  maxi- 
mum power  transmission  efficiency  is  a 4-pole  whioh  requires  no  more 
than  one  resistor  in  its  synthesis. 

The  theory  oan  also  be  applied  to  the  wide-band  matohing  of  an 
arbitrary  generator  to  a oonstant-resistanoe  load.  Normalization  methods 
are  described  whioh  oan  take  aocount  of  the  variation  with  frequenoy  of 
the  available  power  of  -the  generator. 
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1*  Statement  of  the  Problem 


The  load  Impedance  Z(p)  ia  given  as  a funotion  of  the  oomplex 
frequenoy  variable  p + j cj  where  tf*  is  the  negative  of  the  damping  con- 
stant and*Jis  the  radian  frequenoy  of  an  exciting  wave*  The  jwaxis  of 
the  p-plane  corresponds  to  steady-state  sinusoidal  waves* 


The  matohing  network  of  Fig.MRI-13039a  is  to  transmit  power  from 
the  unit  internal  resistance  generator  to  the  load  and  also  to  limit  the 
impedanoe  mismatch  at  the  generator  terminals*  The  impedanoe  mismatch  is 
specified  by  a voltage  reflection  ooeffioient 


- 1 

+ 1 


(1) 


which  is  a funotion  of  the  complex  variable  p.  Zjn  is  the  impedance  seen 
looking  to  the  right  from  the  generator  terminals* 


In  addition  to  the  specification  of  load  impedanoe*  two  quantities 
are  presumed  to  be  of  engineering  importance.  These  are  the  magnitude 
I of  tho  input  reflection  ooeffioient  and  the  power  P(«o)  which 
reaches  the  load  at  steady-state  sinusoidal  frequencies* 

Lossless  matohing  networks  are  desirable  in  many  problems  because 
they  permit  all  the  power*  exoept  that  whioh  is  reflected  back  to  the 
generator,  to  be  transmitted  to  the  load.  That  is,  for  a lossless  match- 
ing network 


Pfed)  - 1 - lsn(jw)l2  (2) 

and  if  the  reflection  ooeffioient  is  kept  small  over  the  frequenoy  range 
of  interest,  P(ftj)  will  be  nearly  the  total  available  power  of  tha  generator 
which,  in  the  oase  of  Fig.  MRI-13039a  is  one  watt* 

Over  any  given  frequenoy  range  lsn(j«)  I cannot  be  made  arbi- 
trarily small  by  means  of  a lossless  matching  network*  The  limitations 
on  the  performance  of  lossless  matching  networks  were  first  investigated 
by  Bode  (Referenoe  1)  for  simple  load  impedances*  Fano  (References  2,3) 
later  extended  the  analysis  to  the  most  general  load  impedanoe. 

There  are  at  least  three  reasons  why  lossy  matching  networks  may 
be  better  than  lossless  matohing  networks  in  specific  applications.  First, 
a lossless  matching  network  may  not  be  able  to  provide  the  desired  small 
iSix(Jw)'  over  the  required  frequency  range.  Second,  P(w  ) and  ls11(j«)l 
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ars  not  independently  controlled  when  a lossless  matching  network  is  used* 
This  means,  for  example,  that  if  P(<t>)  is  to  be  decreased  in  some  frequency 
range  for  attenuation  equalisation  purposes,  the  reflection  coefficient 
Bn (J«)  must  automatically  inoreaso  in  magnitude  in  accordance  with  equa- 
tion (2).  Third,  a dissipative  matohing  network  might  have  a simpler  form 
than  a lossless  network.  In  some  cases,  the  increased  simplicity  is  an 
advantage  which  offsets  a slight  waste  of  power  in  the  lossy  matohing  net- 
work. 


Theoretical  limitations  will  be  determined  whioh  relate  Isj^  (jw)l 
and  P(0  ) to  the  given  load  impedance  when  the  matching  network  is  oomposed 
of  lumped  inductors,  oapaoitors,  resistors,  and  ideal  transformers  connect- 
ed in  any  fashion  without  regard  to  complexity.  Hxe  use  of  the  scattering 
matrix  description  must  be  introduced  in  order  to  aocotaplisn  this  aim. 


2.  Scattering  Matrix  Realizability 

A network  is  here  defined  as  a system  of  lumped  inductors, 
oapaoitors,  resistors,  and  ideal  transformers,  & pairs  of  terminals  are 
provided  for  the  purposes  of  connecting  this  system  to  other  networks. 

Each  pair  of  terminals  is  called  a "port".  A network  with  n ports  is 
oalled  an  " h-port".  If  the  network  does  not  contain  any  resistors  it 
is  a lossless  n-port.  If  the  network  is  not  prevented  from  containing 
resistors  it  is  a lossy  n-port.  The  word  passive  is  consistently  omitted 
because  any  device  containing  ~a  source  of  energy  will  be  oalled  a generator* 

The  open-oirouit  impedanoe  matrix  [zJ  is  an  n x n matrix  whioh 
relates  the  voltages  at  all  the  ports  to  the  ourrents  whioh  flow  in  the 
accessible  terminal  pairs  defining  the  ports.  The  short-circuit  admittance 
matrix  LYJ  is  also  n x n and  gives  the  currents  at  the  ports  in  terms  of 
the  voltages.  Impedance  and  admittance  descriptions  are  useful  in  network 
analysis  and  synthesis  but  for  the  purposes  of  this  • paper,  another  des- 
cription is  essentials  the  scattering  matrix  [sj • 

If  polarities  of  voltage  and  current  are  ohosen  as  in  Fig.  MRT- 
13039b,  the  following  matrix  relations  are  true  where  III  is  the  identity 
matrix  of  order  n 


[zl  = EyI”1  (3) 

[si  » [z-iJ  rz.il-1  - Dl-y]  [i.y]-1  (4) 

Tzl  » [l-s]"1  Cl+s]  (5) 

Br]  = Cud"1  Ti-sl  (6) 
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The  scattering  matrix  has  a physioal  interpretation  in  terms  of 
inoident  and  refleoted  voltage  -waves.  The  main  diagonal  element  is 
the  voltage  reflection  ooeffioient  at  port  k referred  to  a one  ohm  source 
when  all  other  ports  except  k are  terminated  in  one  ohm.  That  ia,  if  the 
impedance  looking  into  port  k is  when  all  other  ports  are  terminated 
in  one  ohm. 


■ide  " 

The  off-diagonal  elements  of  are  transmission  coefficients*  For  ex- 
ample, Silc  is  the  voltage  of  port  j when  a one  watt,  ode  ohm  generator  is 
oonneotea  to  port  k and  all  other  ports  are  terminated  in  one  ohm.  This 
is  illustrated  in  Fig*  MRI-13039o*  It  should  be  noted  that  this  definition 
of  iSJ  depends  on  the  existence  of  LZJ  or  lYJ • A more  general  formulation 
is  possible  which  does  not  involve  either jof  these  matrices.  This  is  im- 
portant since  for  many  physioal  networks  [zl  or  Uu  may  not  exist,  but  [sj 
always  exists. 


h " 1 (7) 

*kTT" 


Two  papers  by  Belevitoh  (References  4,6)  give  the  realizability 
requirements  for  a scattering  matrix  and  these  are  stated  below  as  theorems. 


Theorem  1 

The  necessary  and  sufficient  oonditlonB  for  [s]  to  correspond  to 
a physically  realizable  n-port  ares 

(a)  [s]  is  symmetrical  and  its  elements  are  rational  functions 

of  p ■ C * jto and  are  real  for  • 0, 

(b)  Elements  of  [si  have  no  poles  in  the  interior  of  the  right 
hand  half  of  the  p-plane,  i.e.  the  region®  where  c >-  0. 

(c)  [l  - S*(joj)  S(jco)]  is  the  matrix  of  a positive-definite 
_pr  positive-semi-definite  hermitian  form  for  j * * H _ 
[The  asterisk  denotes  the  complex  conjugate,  S ( j«j)“S(-j*£)j 


Theorem  2 

The  necessary  and  sufficient  conditions  for  Isl  to  correspond  to 
a physically  realizable  lossless  n-port  are? 

(a)  [s]  is  symmetrical  and  its  elements  are  rational  functions 
in  p ■»  O’  4 and  are  real  for  &>  » 0. 

<A(The  original  Belevitoh  statement  (Reference  4)  includes  the  € »0  boundary 
but  this  iB  unnecessary  since  it  is  insured  by  parts  (a)  and  (o)). 
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(b)  Elements  of  u have  no  poles  in  the  right  hand  half  of 
the  p-plane. 

(o)  Cb]  is  unitary  for*"-  0,b  That  is,  )]  - M. 


3,  Darlington  Representation  of  Z(p) 

Any  realizable  impedance  Z(p)  may  be  obtained  as  the  input  imped- 
anoe  of  a lossless  2 -port  terminated  in  one  ohm.  This  idea,  shorn  by  Dar- 
lington ( Referenoe  6),  is  very  useful  because  it  permits  the  load  impedance 
Z(p)  of  Tig,  MRI-13039a  to  be  transformed  into  the  lossless  2-port  E of 
Fig,  MRI-13039d  terminated  in  one  ohm.  The  matching  2-port  D and  the  loss- 
less 2-port  E in  tandem  oan  then  be  treated  as  a single  2-port  S whose 
scattering  matrix  U3J  oontains  the  relevant  quantities  ISn(jtj)l  whioh 
measures  the  degree  of  input  mismatch  and  ISx2(j&>)[  whioh  is  equal  to  P(w) . 

The  load  impedanoe  Z(p)  immediately  specifies  the  input  refleotion 
ooeffioient  Eix(p)  the  lossless  2~port  E according  to 

■ Kij-fr  ‘8> 

The  lossless  2-port  E is  uniquely  specified  by  Z(p)  exoept  for 
the  possible  addition  of  all-pass  phase-shifting  networks  in  tandem  with 
end  2 of  the  minimum  network.  The  minimum  network  has  an  Eig(p)  contain- 
ing the  smallest  number  of  right-hand  zeroB.  The  additional  phase-shift 
networks  have  the  effeot  of  putting  additional  right-hand  zeros  in  Eto(p) 
and  Eg2(p)  without  changing  the  magnitudes  of  these  functions  along  the 
P a d(h>  axis,  because  these  additional  right  half-plane  zeros  are  always 
paired  with  corresponding  zeros  in  the  left  half-plane. 

In  the  matching  problem,  the  extra  phase-shifting  sections  are 
undesirable  because  they  oomplioate  the  problem  with  useless  information 
that  eventually  drops  out  of  the  oaloulationB  for  P(o>)  and  !Six(ja>)l, 

A complete  dLsoussion  of  the  derivation  of  matrix  [e!  from  the 
specified  Z(p)  is  included  in  Referenoe  7, 


k'fhe  subscript  T denoting  the  transpose  of  Gs*(j«)]  is  not  necessary 
because  of  the  symmetry  of  the  scattering  matrix  i.e.  LJ3*(j«)  S(jw^lli 
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4.  Reetriotions  on  the  Overall  Spattering  Matrix  [si 


The  given  Z(p)  has  been  ohanged  into  a lossless  2-port  terminated 
in  one  ohm  by  means  of  the  theory  desoribed  in  Seotion  3.  This  lossless 
2-port  in  tandem  with  the  matohing  network  D forms  a 2-port  S whose  input 
end  is  ooxmeoted  to  a one  ohm  generator  and  whose  output  port  is  oonnected 
to  a one  ohm  load*  This  is  an  ideal  system  for  analysis  by  means  of  the 
scattering  matrix  description. 


The  elements  of  the  scattering  matrix  ts] 
are  related  to  the  elements  of  scattering  matrices 
following  equations: 


„ „ . D12  E11 

Sn  " Dii  ♦ rrx- 


22  11 


the  overall  network 
and  LeJ  by  the 


(9) 


i 


D12  E12 
1 “ b22fill 

E ♦ E^2  °22_ 
*22  * 


(10) 

(11) 


As  stated  before,  ls^i(jw)l  and  |sig(  j6>)  I2  ■ P(&J)  are  quanti- 
ties of  engineering  interest  ana  the  desired  solution  to  the  matohing 
problem  is  a relation  between  these  two  functions  and  the  given  load  im- 
pedance* The  properties  of  the  load  whioh  are  relevant  to  the  matohed  per- 
formance are  more  easily  seen  from  the  scattering  matrix  [jsj  thai  from  the 
load  impedanoe  Z(p).  The  significant  properties,  as  first  shown  by  flano 
(References  2,3)  are  the  right-hand  and  boundary  seros  of  Eig  and  oertain 
ooeffioients  in  the  Taylor  expansion  for  Egg  about  eaoh  of  these  zeros. 

The  intuitive  physical  reason  for  this  is  that  the  passive  matohing  net- 
work D oannot  act  as  a power  amplifier  for  steady-state  sine  waves  or 
exponentially  increasing  waves  of  any  frequency*  Therefore,  if  2-port  E 
will  not  transmit  suoh  a wave,  the  tandem  combination  of  D and  E will  not 
transmit  the  wave.  Moreover,  at  suoh  right-hand  and  boundary  zeros  of  E \z» 
the  matohing  network  D oannot  be  "seen"  from  the  output  end  of  U because  E 
is  "opaque1*.  Thus,  right-hand  and  boundary  zeros  of  E^g  appear  in  S^g  and 
oertain  coefficients,  in  the  Sgg  expansions  about  these  zeros  are  independent 
of  the  elements  of  Ld  and  are  equal  to  the  corresponding  ooeffioients  in 
the  expansion  for  Egg. 

The  formal,  mathematical  restrictions  on  [s}  come  from  two  sources 
(1".)  the  overall  network  S must  be  realizable  and  (2.)  the  matohing  network 
D must  be  realizable  as  a separate  entity.  The  first  group  of  restrictions 
is  independent  of  the  load,  while  the  second  group  is  intimately  connected 
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with  the  aforementioned  significant  properties  of  the  load..  The  restrictions 
of  groups  1 and  2 come  from  applying  Theorem  1 to  LsJ  and  LDJ  respectively. 

Satisfaction  of  Part  (a)  of  either  realisability  theorem  is  taken 
for  granted  in  what  follows  baoauce  all  matrioes  are  assumed  to  be  symmetii- 
oal  and  their  elements  are  real  for  real  values  of  the  oomplex  frequency 
variable  p,  Nothing  is  done  which  is  inconsistent  with  this  assumption*  All 
functions  considered  are  rational  funotions* 

Applying  Theorem  1 to  Til,  Part  (b)  requires  that  elements  of  [s] 
have  no  poles  in  the  interior  of  the  right-hand  half  of  the  p-plane. 

Part  (o)  requires  that 

l - lsn!2  - ls12l2  £ o (p  - 3d) 

1 - ls22I2  - lsi2l2  >,0  (p  - 

a - Isjy  - ls22f2  - l3nl2  ♦ lsllS2ill2 

- aUS22S122  - <1  S22  S?2  » 0 (»  • 3")  <14> 

The  left-hand  sides  of  (12),  (13)  are  the  two  principal  diagonal 
elements  and  (14)  is  the  determinant,  of  ll  - S*(ju)  S(jo)J.  Either  (12) 
or  (13)  may  be  disregarded  because  positiveness  of  one  main  diagonal  element 
and  the  determinant  insure  positivenees  of  the  other  diagonal  element. 

The  above  statements  are  neoes3ary  and  sufficient  to  insure  that 
LEU  is  the  matrix  of  a physioally  realizable  2-port.  The  seoond  group  of 
requirements  on  Lg]  will  be  found  by  applying  Theorem  1 to  matrix  u)j* 

These  requirements  will  insure  that  network  S is  composed  of  two  realizable 
networks  in  tandem,  one  of  whioh  is  the  lossless  2-port  speoified  by  the 
given  load  impedance  Z(p). 

Part  (a)  of  Theorem  1 is  taken  for  granted  as  before  and  Part  (o) 
is  oonsidered  next  because  it  has  already  been  satisfied  by  the  first  group 
of  requirements  on  [sj* 

Section  5.16  of  page  148  of  Reference  8 explains  that  £l  - S*(ja>); 
s(to)3  iB  the  matrix  of  the  herimitian  form  whioh  gives  the  power  entering 
2-port  S in  terms  of  the  incident  voltage  waves  at  ports  1 and  2*  Positive 
definiteness  or  semi-definiteness  of  this  matrix  for  all d insures  that  for 
any  combination  of  magnitudes  and  phases  of  waves  incident  on  ports  1 and  2, 


(12) 

(13) 
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the  power  entering  S is  always  positive.  The  matrix  [l  - S (j«)  S(ja>)] 
may  he  identically  sero  for  all  to  if  the  matching  network  is  lossless, 
but  in  the  general  case  of  a lossy  matching  network  the  determinant  of  the 
matrix  and  all  its  principal  minors  at'e  greater  than  eero  except  for  dis- 
crete values  of  to  • 

The  matrix  Ds(j<*0l  is  unitary  for  all  values  ofw.  This  means 
that  lossless  2-port  E neither  absorbs  nor  produces  power  no  matter  what 
combination  of  inoident  amplitudes  and  phases  is  applied  to  its  two  ports 
at  any  frequenoy. 

None  of  the  power  dissipated  by  S is  absorbed  in  E,  nor  oah  any 

be  generated.  Therefore,  matching  2-por%  D is  the  only  power  absorbing 

struoture  of  the  D,  E tandem  combination  at  all  frequencies  and  for  any 
combination  of  amplitudes  and  phases  of  inoident  voltage  waves  on  the  ac- 
cessible ports  of  the  system,  i.e.,  the  ports  of  S.  Port  2 of  D is  not 
accessible  when  0 and  E are  connected  in  tandem  and  treated  as  a single 
unit.  Exoept  at  boundary  seros  of  E-io  any  phase  and  amplitude  of  inoident 
voltage  wave  at  port  2 of  D may  be  obtained  by  applying  a suitable  wave 

to  port  2 of  S.  By  this  means,  waves  inoident  on  ports  1 and  2 of  D may 

be  independently  controlled. 

At  boundary  seros  of  E^g,  however,  the  inoident  wave  on  port  2 
of  D comes  from  the  wave  whioh  passes  through  D and  is  refleoted  back  into 
port  2 of  D by  network  E whioh  will  not  pass  that  particular  frequenoy. 
Hence,  at  these  isolated  frequencies,  the  voltage  waves  inoident  on  both 
ports  of  D are  not  subject  to  independent  oontrol.  This  lack  of  independent 
control  exists  only. at  disorete  , isolated  frequencies.  If  the  matrix 
£l  - D*  (jw)  D (je>)J  is  positive-definite  or  semi-definite  in. the  neighbor- 
hood of  these  E-ipCjfc))  seros,  the  matrix  will  retain  these  properties  at 
the  frequenoy  or  the  sero  because  all  its  elements  are  continuous  functions. 

It  is  now  known  that  network  D absorbs  power  for  all  frequencies 
and  all  amplitudes  and  phases  of  voltage  waves  inoident  on  its  two  ports. 
This  meanp  that  2-port  D satisfies  the  requirement  of  Theorem  1 Part  (o), 
namely,  [l  - D*(ja>)  D(ja>)J  is  the  matrix  of  a positive-definite  or  semi- 
definite  herimitean  form  for  all  , when  the  sufficient  condition  that 
UL  - S*(jw)  8(jw)J  be  positive  or  semi-definite  is  satisfied.  Further 
this  reasoning  is  easi?<.y  inverted  starting  with  the  hypothesis  that 
11  - D*(jw)  D(jw)J  i x positive  or  semi-definite.  This  mean®,  that  D oan 
only  absorb  power  and  tinoe  E is  lossless  the  result  is  that  Ll  - S*(jtt) 
S(j6»)J  is  positive  or  semi-definite. 

Thus,  the  necessary ^hd  sufficient  conditions  on  a have  been 
determined  which  insure  that  [pj  satisfies  Parts Ja)  and  (o)  of  Theorem  1 
and  it  remains  only  to  find  the  requirements  on  [gj  whioh  insure  that  IDj 
satisfies  part  (b) . 
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Fano  has  shown  (References  2,3)  that  if  Dgg  corresponds  to  any 
realisable  impedance  aooording  to 


1 + D, 


22 


22 


(16) 


then  certain  restrictions  are  imposed  on  Sgg(p).  These  may  be  determined 
by  examining  equations  10  and  11.  At  each  boundary  and  right-hand  zero  of 
s12*  s22; (p)  Eg2(p)  are  expanded  in  Taylor  series.  If  a particular 
right-hand  zero  is  of  order  n,  then  corresponding  coefficients  in  the  two 
series  are  equal  up  to  and  including  those  of  (p  - p0)^n“^«  In  the  case 
of  a boundary  zero,  corresponding  ooeffioients  are  equal  up  to  and  includ- 
ing those  of  (p  « or  (l/p)2a-2  in  the  oase  of  a zero  at  infinity. 

The  ooeffioients  of  the  (2n-l)  power  of  the  variable  may  be  equal  or  they 
may  differ  in  a certain,  prescribed  way,)  If  they  differ,  the  difference  in 
the  coefficient  is  suoh  as  to  cause  the  vector  representing  Sg2(ju)  to  have 
a slower  clockwise  rotation  than  Egg(jA>)  as  o»  is  increased  in  the  neighbor- 
hood of  the  &12  zero.  The  &22 locus  and  the  Sg2( Ju)  vectors  must  always 
rotate  clockwise  at  a point  of  tangenoy  to  causa  the  right-hand  half  of  the 
p-plane  to  map  inside  of  the  unit  oircle  in  the  Sggor  Egg  plane.  Therefore 
the  slowing  up  of  the  Sog(ja)  olookwise  rotation  is  equivalent  to  keeping 
S22(je>)  in  the  neighborhood  of  its  point  of  tangenoy  over  a greater  fre- 
quency range  than  Egg(jtt).  A detailed  discussion,  derivation,  and  inter- 
pretation of  these  statements  is  given  in  Referenoe  7. 


References  2,  3 and  7 also  show  that  these  requirements  on  Sgg  are 
sufficient  to  insure  that  Dgg  corresponds  to  a realizable  impedance  function, 
i.e.,  that  Dg2  ifl  the  reflection  factor  of  a realizable  driving  point  imped- 
ance. This  means  that  Dgg(p)  has  no  poles  in  the  right-hand  half  of  the 
p-plane. 


Equations  (10)  and  (11)  yield: 

S, 


12 


'12 


( 1 - D, 


22  Ell^ 


"11 


S. 


11 


% Bii 
1 “ D22E11 


’12 


*11 


e: 


12 


(16) 


Blit1  - D22B11>  <17> 


From  equation  (16)  it  may  be  seen  that  in  order  for  Dig  to  have 
no  poles  in  the  right-hand  half-plane,  S^g  mus'*:  contain  all  righS-hand  zeros 
of  E^g  vri'th  at  least  the  same  multiplicity  because  the  factor  (1  - D22E11) 
cannot  have  right-hand  zeroB.  This  is  due  to  the  maximum  modulus  Theorem 
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which  states  that  sinoe  Dg2(p)  ®ll(p)  are  hnovm  to  be  analytics  in  the 
right-hand  half-plane  and  on  the  p - j ut  boundary,  the  maximum  value  of 
•®22(p)  Sii(p)l  in  the  interior  of  the  right-hand  plane  is  less  than  the 
maximum  value  of  IDggC  a*)  I • This  latter  quantity  is  known  to  bo 

no  greater  than  unity  because  D22  a^d  Ell  correspond  to  realisable  im- 
pedances. 


From  equation  (17)  it  may  be  seen  that  Du  will  not  have  poles 
in  the  right-hand  half-plane  as  long  as  does  not  have  any  poles  in  this 

region. 


Thus,  the  neoessary  and  sufficient  conditions  have  been  establish- 
ed which  insure  that  2-port  D is  realizable.  These  may  be  summarized  in  the 
following  Theorem, 

Theorem  5 

The  neoessary  and  sufficient  conditions  that  [s]  represent  the 
matrix  of  the  2-porfc  oomposed  of  matching  2-port  D in  tandem  with  a given 
lossless  2-port  E are: 

(a)  Matrix  (g]  should  be  realizable. 

(b)  Right-hand  and  boundaiy  zeros  of  E^g  should  appear  in  S^g 
with  at  leat  the  same  multiplicity, 

(0)  At  eaoh  n order  zero  of  *n  the  interior  of  the  right 
half  plane  (Sgg-Egg)  should  have  a zero  of  order  2n  at  least, 

(d)  At  eaoh  boundary  zero  of  E^o,  (822*^22)  kfts  a zero  at  least 
of  order  2n,  or  order  (2n-l)«  In  the  latter  case,  the  first 
term  in  the  expansion  for  Sgg-Eg2  nsdces  S22CI  <*»)  have  a slow- 
er clockwise  rotation  than  §22 in  the  neighborhood  of 
the  E^g  zero. 

The  restriction  on  the  coefficient  of  this  (2n-l)  power  in  the  Sg2 
'-»»  series  specified  in  Part  (d)  of  Theorem  3 is  easily  interpreted  in  terms  of 
physioal  elements  in  the  lossless  network  E,  Any  lossless  2-port  oan  be  con- 
structed as  a ohain  of  simple  networks  as  described  by  Darlington  (Referenoe  6) 
These  simple  network  responsible  for  any  boundary  zero  at  the  end  adjacent  to 
the  matching  network.  When  arranged  in  this  way,  the  ooeffioient  of  the 
(2n-l)  power  oan  identified  with  either  a series  reactance  pole  or  a shunt 
susoeptanoe  pole  whose  effiotive  residue  may  only  be  increased  by  incorporat- 
ing a similar  reactance  or  susoeptanoe  pole  in  the  matching  network. 


R-30B-63,  PIB-247 


10 


8 • Integral  Representation  of  890  Restrlotions 

■m 

It  will  be  recalled  that,  when  the  matching  problem  was  stated, 
ISii(j«,»)l  and  iSi2(j“)i  were  to  be  quantities  of  engineering  importance. 
Theorem  3 musy  be  expressed  in  suoh  a way  that  it  is  interpretable  in  terns 
of  these  quantities.  Ability  to  transform  parts  (o)  and  (d)  of  Theorem  3 
into  integral  equations  involving  1 Sg2 ( I *s  due  Bode  (Reference  1)  and 
Fano  (Reference  2,3).  All  of  the  Fano  work  is  applicable  here  beoause  the 
restrictions  on  ISg2( J4*1)  1 are  independent  of  whether  the  matching  network  D 
is  lossy  or  lossless.  Derivation  and  tabulation  of  all  the  integral  formulas 
involves  too  much  duplication  to  be  repeated  here  so  the  reader  is  referred 
either  to  Reference  (2)  or  (3).  Formulas  used  in  the  illustrative  examples 
of  this  report  will  be  derived  as  needed. 

All  the  integral  formulas  are  of  the  form! 

/°*f  ((•»)  log  I I d w . F (18) 

“22 

where  f(«*>)  **  ( j <**)  and  F involves  one  of  the  first  (2n-l)  coefficients  in 

the  expansion  for  l/S22(p)  about  a particular  right-hand  or  boundary  zero 
of  Ei2«  F also  involves  right-hand  zeros  of  Sg2(p)»  som«  of  which  are  pre- 
scribed, and  some  of  whioh  are  inserted  aB  adjustable  design  parameters.  The 
prescribed  zeros  in  S22  are  the  right-hand  zeros  of  Ego  whioh  are  coincident 
with  E12  B8r°s  (See  Equation  (11)).  The  function  f(4>)  involves  the  location 
of  a particular  E12  aero  and  the  order  of  the  coefficient  involved  in  F. 

The  integral  equation  (18)  may  be  interpreted  as  a restriction  on 
the  area  under  the  lnll/Sp^  I curve  plotted  with  the  weighting  function  f («■*) . 
An  n^k  order  zero  of  E12  at  p ■ 0 or  p » ^contributes  n suoh  equations,  a 
pair  of  finite  boundary  zeros  contributes  2n  equations,  a right-hand  zero 
on  the  real  axis  contributes  (2n  - n0)  equations,  and  a conjugate  pair  of 
right  -hand  zeros  contributes  (4n  - 2^)  equations  where  n<j  is  the  order  of 
a coincident  zero  in  ^2* 

All  of  these  integral  equations  must  be  satisfied  simultaneously. 
This  is  done  by  suitable  ohoioe  of  Is22(j*»*)i  funotion,  by  inserting  some 
arbitrary  right-hand  zeros  in  Sgg,  and  by  ohanging  those  F values  which 
correspond  to  the  last  controlled  coefficients  at  eaoh  boundary  E]_2  *®ro. 

In  accordance  with  the  discussion  following  Theorem  3,  those  values  of  F 
whioh  oan  be  .changed  are  associated  with  reactance  or  susoeptance  poles 
whose  residues  oan  be  increased  by  elements  in  the  matching  network.  Satis- 
faction of  all  the  integral  formulas  with  all  prescribed  right-hand  zeros  in 
Sgg  is  equivalent  to  satisfying  parts  (0)  and  (d)  of  Theorem  3. 
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6,  Magnitude  of  tfi(jt»>)]  El  amenta 

It  is  now  .possible  to  derive  a theorem  oonoeming  the  magnitudes 

?f  the  elements  of  LSJ  along  the  j cj  axis  of  the  p-plane.  First,  any 
S22(jw)l  function  whioh  sateifies  the  integral  restrictions  is  permitted 
in  a given  problem  provided  iSggCjw)!  £ 1.  From  the  magnitude  function, 

S22 (p)  uniquely  determined  beoause  all  its  poles  are  looated  in  the 
interior  of  the  left-hand  plane,  and  no  interior  right-hand  zeros  are  per- 
mitted exoept  those  speoifioally  inserted  to  satisfy  the  integral  formulas. 

Second,  any  funotion  is  permitted  as  long  as: 

i - ls12Uw)l2  - !s22(j6i)l2  >,  0 (IS) 

because  any  required  right-hand  seres  may  be  inserted  in  the  S^gCp)  funotion 
without  changing  the  magnitude  along  the  j axis.  Boundary  soros  of  Eig  will 
automatically  appear  in  S-, 0 by  virtue  of  the  integral  equations  and  equation 
(13).  12 

The  third  consideration,  and  all  that  remains,  is  to  find  an  lsa(*e)l 
function  that  satisfies  Part  (a)  of  Theorem  3,  namely  that  matrix  [sJ  cor- 
respond to  a realizable  2-port, 

In  addition  to  being  rational  functions  of  p which  are  real  when  p 
is  real,  the  elements  of  [sJ  must  have  no  poles  in  the  right-hand  half-plane, 
and  they  must  satisfy  inequalities  (13)  and  (14).  Inequality*  (13)  is  assumed 
to  be  satisfied  in  the  ohoioe-of  IS].2(;)w)l  611(1  IS22(Jw)i  functions.  In- 
equality (14)  is  rewritten  here  in  slightly  different  form  as: 

(1  - lsl2IV  - ls22l2  - IsJ2  * lsns22l2  - 2 R»al(sj2sns22)  ^ 0 


p - Jco  (19) 


This  inequality  involves  phases  as  well  as  magnitudes  beoause  of 
the  last  term  in  the  expression.  This  term  oan  vary  between  the  limits 
*2  > s12®11®2 2 * depending  on  the  phase  angle  of  the  product.  The  upper  limit 
is  the  most  favorable  beoause  it  makes  the  left-hand  side  of  the  inequality 
as  large  as  possible  for  a given  set  of  magnitude  functions.  This  is  desir- 
able sinoe  it  permits  as  large  a value  of  (the  measure  of  power 

transfer)  as  possible  to  be  ohosen  consistent  with  equation  (13).  To  main- 
tain this  favorable  upper  limit  it  is  necessary  that: 

*2 
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Equation  (20) imposes  conditions  only  on  the  phase  angles  of  the 
three  functions  beoause  the  magnitudes  of  both  sides  are  identically  the 
same.  Solving  for  in  terms  of  its  magnitude  and  the  other  quantities* 


^S12^  ^S22  SlJ 


s 


12  S22 


(p  “ j6>) 


(21) 


it  oan  be  seen  that  difficulty  in  satisfying  equation  (21)  oan  arise  from 
two  sources*  first,  lSn(jt>)  823(^4*) ' may  not  be  a rational  fraotion, 
(sinoe  it  involves  a square  root  operation)  and  second,  the  8,,  function 
specified  by  equation  (21)  may  have  right-hand  poles.  The  right-hand  poles 
oan  arise  from  the  denominators  of  IS^ja*)  I2,  ISjj(jcj)!,  and  (Sgg ( I 
or  from  the  numerators  of  S?§  (j«)  or  S22(jA>)»  All  of  these  faotors  which 
introduce  right-hand  poles  in  S^(p)  oan  be  cancelled  out  by  multiplying 
S12 (p)  by  unit  magnitude  phase-shift  faotors  of  the  form* 


P ■»« 


(22) 


where  the  various  p*  are  undesired  roots  located  in  the  interior  of  t he 
right-hand  half-plane. 


The  first  difficulty  mentioned  above  is  more  Beriouss  I ( Joe) S2 2 ( J1**)  ^ 
may  not  be  a rational  fraotion  because  lS;u(jt»>)  ®22 ^ J *^5  ■ ““y  n°b  be  a per- 

fect square  even  though  this  latter  quantity  is  rational.  There  are  many  wavs 
in  whioh  irrationality  is  avoided.  For  example,  if  Sj_i  is  identically  zero, 
the  last  three  terms  drop  out  of  inequality  (19)  which  is  then  easily  simpli- 
fied. In  the  oase  of  a lossless  network  iS^^(j<i>)[  * 1822(^4))  I so  that  the 
produot  is  rational. 


In  the  general  oase  where  the  simplest  rational  function  whose  am- 
plitudes give  the  desired  ISii(j6>)l  and  I S22 (d ) • do  n°b  have  a rational 
fraotion  product  it  is  necessary  to  approximate  one  or  both  of  these  functions 
with  (usually)  more  complicated  algebraic  functions  such  that  their  produot 
is  rational.  This  requirement  means  that  the  produot  S;q(p)  Sgp  (p)  must  be 
factorable  into  perfect  squares  and  pairs  of  faotors  symmetrical  about  the 
j axis.  The  symmetrical  pairs  may  appear  as  a produot  in  either  the  nu- 
merator or  denominator,  or  they  may  appear  as  a quotient,  i.e.  one  factor  in 
the  numerator  and  one  in  the  denominator.  The  prescribed  right-hand  zeros 
of  Sg2  mu8b»  of  course,  appear  since  these  are  prescribed  by  the  integral 
formulas. 
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This  requirement  on  the  product  of  S,,  and  S22  makes  it  more  diffi- 
cult. but  not  impossible  to  fit  rational  fraotions  to  the  desired  jSn(ju>)l 
and  ISggCjo)!  funotions  for  the  optimum  oase  where  equation  (21)  is  to  be 
satisfied.  As  long  as  this  approximation  procedure  oan  be  oarried  out  with 
an  arbitrarily  small  error,  the  inequality  may  be  written  in  its  most  favor- 
able form,  whioh  contains  only  magnitudes. 

(1  - Is,,!2)  - IsJ2  - Is,,  I2  ♦ Is, , S99 12  ♦ 2 Is2  S, , S«J,  I »0 


and  S22  makes  it 
is  to  the  desired 


pore  diffi- 


11  22 1 


This  expression  oan  be  factored  into 


- (i«.  Is, , I) (i  - kJ)Wls,J2  - (l 


12  11  22 1 


(p  - J«)  (23) 


(p  - j4>)  (24) 


Inequality  (24)  oould  be  rearranged  to  give  Is^jfiJ)!  explicitly 
in  terms  of  the  other  two  quantities,  but;  it  is  easier  to  leave  it  implioitly 
specified.  That  is,  assume  that  ls-,-,(j&>)l  and  ISo0(jfr>)l  are  specified  and 


1 T * - — -r,  T T I" — T 

specified.  That  is,  assume  that  lS-j^(j&>)l  and  are  specified  and 

that  both  are  no  greater  than  unity  and,  in  addition,  IS22(Jw)i  satisfies 
all  integral  formulas.  The  expression  in  (24)  is  quadratio  in  iSi2(jft>) 1^  , 
and  there  are  always  two  positive,  real  roots  whioh  ooincide  when  Tsii(j4>)I“ 
IS22(J4>)I.  Inequality  (24)  oan  be  satisfied  by  making  both  factors  negative 

fr  both  faotors  positive.  In  order  for  both  factors  to  be  positive,  however, 
Si2(j*>)  I2  would  have  to  be  positive,  however,  ISi2(3^)l2  would  have  to  be 
so  large  that  it  would  violate  inequality  (13).  Therefore,  both  faotors 
must  be  negative,  whioh  means  that  ISi2(jW)l2  must  be  equal  to  or  less  than 
the  smaller  of  the  two  roots  as  follows: 

If  ls,,(jo)l  S lsPP  (jo)l 


Isi2(jo)l2^  (1+  ?S11(JO>)  I)  (1  - ls22  (j«)l)  (26) 

if  lsn(^w)I  > Is22(j6>)l 
ls12  (jfc>)|2<  (1  - lsn(jo)l)  (1  ♦ Is22(3^)I) 


(26) 
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Satisfaction  of  the  appropriate  inequality,  (25)  or  (26),  for  any 
frequenoy  range  automatically  insures  satisfaction  of  inequality  (13),  so 
that  only  inequalities  (25)  and  (26)  need  to  be  oonsidered  in  the  following 
Theorem* 


Theorem  4 


The  input  refleotion  ooeffioient  magnitude  ls;jj(j&i)l  and  the  trans- 
mission ooeffioient  IS]a(jt>)l^  oan  always  be  approximated  with  a structure 
oonsisting  of  a physioally  realizable  matohing  network  in  tandem  with  a 
prescribed  lossless  2-port  E if:  - • 


(a)  (1)  ls12(jft>)l2«  (1*  Isn(d6>)l)(l  - Is22(j6>)l) 
if  lsn(jfc)I  < ls22(jca)l 

(2)  lsi2(ja>)lZ<  (1  - lsn(j*>)l)(l  ♦ ls22(jw)l) 
if  lsn(jtu)l  > Is22(Jco)  S 

00  Is22(j4>)!  satisfies  all  the  integral  restrictions  imposed  by 

the  lossless  2-port  1 with  all  neoessary  right-hand  zeros  insert- 
ed in  the  S22(p)  funotion. 

(o)  The  magnitude  functions  can  be  obtained  exaotly  if  they  ar$ 
speoified  as  rational  fractions  in  (J  and  lS^^(j w)S2g( jw) I 
is  a rational  fraction  in  6)  . 


Thus  the  limitations  on  the  performance  of  a matching  network  are 
given  in  a simple  form  whioh  can  be  easily  interpreted  in  terms  of  quantities 
of  direot  engineering  importance* 


7,  Optimum  Matohing  Network 


In  a particular  matohing  problem  there  is  some  idea  or. specification 
of  the  maximum  allowable  input  refleotion  coefficient  magnitude  I (j w) I 
over  a certain  range  of  frequencies.  Outside  this  frequenoy  range  the  in- 
put mismatch  may  be  of  no  interest.  There. are,  of  oourse,  many  applications 
where  it  is  desirable  that  the  mismatoh  be  small  over  the  infinite  frequency 
spectrum.  The  case  where  the  input  mismatoh  is  zero  over  the  infinite  fre- 
quency band  is  discussed  in  Reference  10.  There  is  usually  a particular  shape 
of  iSi2(34>)'  ourve  appropriate  to  the  given  problem.  It  is  desired  to  know 
what  amplitude  soale  is  permitted  for  iSpa(,j4^)l,  that  is,  knowing  the  general 
shape  of  iSi2(j«*»)U  determine  how  great  ISi2(jea)l  can  be  made.  Sometimes, 
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the  desired  performance  is  easily  obtained  and  the  maximum  value  of  Isx2(j6>)l 
oan  be  made  unity.  In  suoh  oases  the  performance  satisfies  Theorem  4,  but 
does  not  reach  the  ultimate  limit  set  by  the  theorem^  in  the  sense  that  the 
resulting  input  mismatoh  may  be  larger  than  the  minimum  permitted  by  the 
theorem. 


This  section  applies  only  to  matching  networks  whose  performance 
is  limited  by  Theorem  4.  The  network  giving  the  largest  ISi2(jW) I ourve 
when  limited  by  Theorem  4 is  called  the  "optimum  matohing  network  from  the 
standpoint  of  power  transmission  efficiency", 

I, 

In  order  to  predict  the  fonn  of  the  optimum  matohing  network  it  is 
neoessary  to  repeat  here  the  order  in  which  restriction .a re  imposed  on  the 
three  magnitude  functions,  ls22(jfe»)l,  ISn(j&>)l»  and  lsX2(j&l)I.  First, 
lS2j)(JO)l  is  restricted  by  the  given  load  through  the  integral  equations,  1 

These  have  the  effect  of  setting  a minimum  funotion  for  « s22 ( • • The 
function  may  be  reduced  in  any  small  range  of  ti),  but  it  will  have  to  be  in- 
creased at  some  other  frequency  in  order  to  satisfy  the  integral  restrictions. 

Seoond,  presuming  ls22(j&>)l  has  been  chosen  as  above  lsXi(jt»)| 
should  always  be  equal  to  or  less  than  • Sgo ( i • For,  if  inequality  (a) 

(2)  of  Theorem  4 is  applicable,  it  may  be  transformed  into  1 

lsi2(jto)|2<  1 - lsn(jw)!2<  1 - ls22(j«c>)|2  (27) 

whioh  shows  that  the  lsx2(jju)l  permitted  is  smaller  than  would  be  allowed 
| if  lSii(jw)l  and  lS22(ja>)  ware  equal.  Over  portions  of  the  frequency  band 

where  TSn(jca)l  oan  be  made  large,  ls22 (j  o»)  I should  be  made  at  least  as 
large  in  order  to  conserve  area  under  the  log  ll/S22(j<j)l  ourve.  This  per- 
: mits  decreasing  lS22(ja>)[  at  some  other  frequency  where  a larger  permissible 

! value  of  > Sl2  ( J fc»)  I is  desired. 

| Thus,  the  optimum  matohing  network  from  the  standpoint  of  power 

| transmission  oauses  inequality  (a)(1)  of  Theorem  4 to  be  applicable  at  all 

i frequencies. 

\ ■; 

The  third  characteristic  of  the  optimum  matohing  network  is  that  i 

it  satisfies  at  all  frequencies  the  equations  ] 

; lsi2(jui)|2-  (1+  lsn(jw)|)  (1-  ls22(,1w)l)  (28)  i 

which  is  the  limiting  case  of  the  inequality  (a)(1)  of  Theorem  4C  For,  if  a 
matohing  network  is  obtained  whioh  satisfies  the  inequality  but  not  the 
equality,  the  power  transmission  can  immediately  bo  improved  by  multiplying 
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by  a oonstant  large  enough  to  cause  equa  tion  (28)  to  be  satisfied 
at  one  or  more  disoreet  frequencies.  At  these  frequencies  ls^^(ju»)l  can  be 
inoreaaed  to  allow  further  amplification  of  the  < J ^ ) ' ou^7®*  If  iS-^^Cjw)  I 
is  already  at  its  prescribed  limit,  IS22(j*^)i  oan  be  decreased  with  a eom- 
pensating  inorease  at  some  other  frequency  and/or  relocation  of  the  non-pre- 
scribed  S£2(p)  right-hand  zeros  to  keep  the  integral  equations  satisfied. 

The  effeot  of  suoh  an  adjustment  is  to  decrease  the  right-hand  side  of  equa- 
tion 1(a)  of  Theorem  4 at  frequencies  where  the  inequality  applies,  and  to 
inorease  the  right-hand  side  where  the  equality  applies. 


For 

an  upper  limit 


any  lsn(jw)  I and  ISgaCjco)!  function,  equation  (28)  specifies 
on  the  function.  Albany  step  in  the  improvement 


it 

prooess  desoribed  above, ^the  aotual  ISi2(j&>)|2  ourve  lies  below  this  upper 
limit  except  at  points  of  tangenoy.  Each  change  brings  the  two  curves  oloser 
together*  the  aotual  w)  I curve  increases  without  changing  shape,  while 

the  maximum  allowable  lSj.2( j«u)  defined  by  equation  (28)  changes  shape  as 

it  conforms  more  olosely  to  the  actual  Is^gCjcc)!^  ourve.  Eventually  the  two 
curves  ooincide  and  the  matohing  network  satisfies  equation  (28)  identically. 
Further  improvement  is  not  possible,  so  the  matohing  network  whioh  satisfies 
equation  (28)  is  the  optimum  matching  network  from  the  standpoint  of  power 
transmission  effioienoy.  Theorem  5 can  now  be  stated. 


any  step 


Theorem  5 


The  optimum  matching  network  from  the  standpoint  of  power-trans- 
mission  effioienoy  has  the  following  performance. 

(«0  lsn(jzo)l  ^ ls22(jw)l 

(*0  ls12(jw)l2  - (i  + lsn(ju>)l)(i  - ls88(j«)l) 

(o)  lsZ8(j*>)l  satisfies  all  integral  restrictions  imposed  by  the 
given  load. 

This  performance  can  always  be  approximated  with  an  arbitrarily 
small  error  by  a physically  realizable  matching  network.  VShen  ISj^( j <*>) S22 ( j*0  * 
is  a rational  fraction  in  U,  the  performance  can  be  exactly  obtained. 

The  optimum  matching  network,  although  not  unique,  has  a.  distinctive 
form  because  satisfaction  of  equation  (28)  means  that  the  matrix  Ll-S*( jt»)S( jt>)J 
is  singular  for  all  u>  . This  means  that  the  open- circuit  resistance  matrix 
is  singular  if  the  overall  network  S has  an  impedance  matrix.  If  the  short- 
circuit  admittance  matrix  exists,  satisfaction  of  equation  (28)  means  that  the 
short-oirouit  conductance  matrix  is  singular. 


amiii  may  miia  ifrtflfc  ’fjfjiwu'WiiiiiMrihi  fife-tiirAftr  a '"-inn  iama  H-vmUYiin  • n.  ..i  v.-i- 
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Except  for  the  case  of  an  ideal  transformer,  every  2-port  must 
have  either  an  open-oirouit  impedance  matrix  or  a short-circuit  admittance 
matrix.  The  2-port  S of  the  matching  problem  is  the  tandem  combination  of 
the  matching  2-port  D and  the  lossless  2-port  E which  represents  the  load 
Impedance  Z(p).  The  lossless  2-port  E is  always  more  complicated  than  an 
ideal  transformer#  hence  the  tandem  combination  must  possess  either  an  im- 
pedanoe  or  admittance  matrix. 

The  matching  network  D will  aiBO  have  a singular  open-oirouit  re- 
sistance or  short-oirouit  oonduotanoe  matrix,  depending  on  whether  the  im- 
pedance or  admittance  matrix,  or  both,  exist.  In  the  general  Gewertz  pro- 
cess (Reference  9)  boundary  poles  of  impedance  or  admittance  are  removed  and 
the  matrix  is  inverted.  The  singular  real  part  matrix  means  that  at  each  in- 
version the  new  admittance  or  impedance  matrix  will  have  boundary  polos  in 
all  its  elements.  The  suooessive  inversion  and  removal  of  boundary  poles  is 
continued  until  the  remainder  of  the  network  to  be  synthesized  oondists  only 
of  a single  1-port  in  series  or  in  shunt  with  one  winding  of  an  ideal  trans- 
former, The  1-port  is  completely  speoified  by  its  terminal  impedance  and 
may  be  synthesized  in  a number  of  forms  including  that  of  a lossless  2-port 
terminated  in  a single  resistor.  If  the  matohing  network  is  lossless,  the 
single  resistor  oan  be  considered  to  be  present  but  not  connected  to  the  main 
part  of  the  network.  This  oan  be  summarized  in  a theorem. 


Theorem  6 


Any  "optimum  matohing  network  from  the  standpoint  of  power  trans- 
mission efficiency"  may  be  oonstruoted  with  no  more  than  one  resistor. 

A reasonable  speculation  whioh  has  not  been  rigorously  proved  is 
that  if  an  equivalent  for  a one  resistor  optimum  matching  network  is  oonstruot- 
ed using  more  than  one  resistor  then  all  resistances  belong  to  a single  1-port. 
It  has  not  been  possible  to  find  any  2-port  having  a singular  real-part  matrix 
which  violates  the  statement.  Furthermore,  all  known  methods  of  2-port  syn- 
thesis lead  to  this  form  of  network. 

The  foregoing  theory  will  now  be  illustrated  by  means  of  two  examples 
Example  1 

One  of  the  simplest  examples  of  a load  impedance  oonsists  of  a re- 
sistor and  indviotor  in  series  as  shown  in  Fig.  MRI-13040a.  The  resistor  is 
assumed  to  be  one  ohm  in  this  example.  It  will  also  be  assumed  that  the  use- 
ful frequency  range  is  fromeo  = 0 to  cj  = 1 and  that  a matching  network  is  to 
be  designed  such  that  over  this  range,  a one-ohm  generator  having  1 watt 
available  power  sees  a small  mismatch. 


Suppose  that  the  magnitude  of  the  reflection  ooeffioient 
seen  by  the  generator  is  to  be  held  constant  over  the  infinite  frequency  band 
at  some  value  Isiql  as  shown  in  Fig.  MRI-13Q40o.  Suppose  further  that  the 
power  in  the  load  P (<y  ) is  to  be  oonstant  and  equal  to  P0  for  0 <*>  £ 1 

and  oan  be  zero  for  CJ  > 1 as  shown  in  Fig.  HRI-13Q40b.  The  maximum  vdlue 
of  P(C>>)  oan  now  be  computed  without  regard  to  the  oomplexity  of  the  matching 
network. 

From  Theorem  5,  it  is  known  that  the  optimum  condition  from  the 
standpoint  of  power  transmission  is  to  have: 

ls22(jw)l  » lsnl  (29) 

P(W)  - Is12(J6>)|2  - (1.  ♦ Isnl)(l-ls22(j«)|)  (30) 


For  the  frequency  range  1#  the  highest  value  of  P0  is  ob- 

tained by  making  Is22(j«i)l  oonstant  .and  as  small  as  possible.  Forfi>>l, 
ISg2(d«)l  oan.  be  unity  so  that  log  ll/S22(Jw)l  is  zero  outside  the  pass- 
band.  This  will  be  seen  to  make  the  zaost  efficient  use  of  the  integral  re- 
striction on  IS22(da>) I.  This  integral  restriction  will  now  be  derived. 

It  will  be  noted  that  the  load  in  this  example  is  so  simple  that 
the  lossless  2-porb  E required  for  the  Darlington  representation  oonsists 
simply  of  the  series  induotanoe  L.  The  elements  of  the  scattering  matrix 
lE(p) I are  given  by 

■ e22<*>  ■ 1$ : i - <si> 


S12^  “ pL  * z 


Ei2(p)  has  a simple  zero  at  infinity.  The  expansion  for  E22  in 
terms  of  l/p  is 


*22  * 1 ‘ 


From  Theorem  3,  S-j_2(p)  must  have  at  least  a simple  zero  at  in- 
finity and  also  since  a boundary  zero  is  concerned  here  (S22-E22)  must 
have  at  least  a simple  zero  at  infinity.  This  means  that  the  1/p  series 
representing  (S22-E22)  should  start  with  a l/p  term  unless  the  l/p  term 


I 


In  the  Sg2  series  is  the  same  as  the  corresponding  term  in  the  Egg  series* 

■ i 

That  is  if  the  series  for  Sgg  is 

S22  “ 1 “ * (34) 

L, may  be  equal  to  L«  or  Limay  be  larger  than  L*  The  latter  oondition  oauses 
the  S9g(p)  veotor  to  have  a slower  clockwise  rotation  than  Egg(p)  as  p ap- 
proaches infinity*  The  simple  physioal  interpretation  for  this  is  that  the  r- 

matching  network  oan  add  an  induotanoe  (Lx  - L)  in  Beries  with  L so  that 
when  looking  into  the  number  2 port  of  the  composite  network  S*  an  inductance 
greater  than  or  equal  to  L may  be  seen,,  In  this  simple  problem  it  would  be 
senseless  to  add  induotanoe  in  series  with  the  element  that  is  to  be  matched 
out  so  for  this  example  Lx  will  be  assumed  equal  to  L and  the  series  for  Sg2 
will  be  taken  as  t 

S22  " 1 Isl  * — 

If  the  line  integral 

/ log  x p ♦ px|  dp  (30)  f 

is  taken  around  the  clockwise  path  shown  in  Fig*  MRI-13043a  the  result  will 
be  sero  provided  (p  - px)  faotors  are  inserted  as  shown  to  oancel  all  right- 
hand  zeros  of  &£2(p)*  The  expansion  for  the  integrand  is  known  on  the  large 
semi-circle  of  radius  R as: 


The  integral  along  the  indented  path  on  the  p * jfO  axis  is  equal 
to  the  integral  on  the  large  semi-oirole  taken  counter-clockwise  whioh  is 

2"j(  £ - | Px)  (38) 

The  small  indentions  on  the  p = j^path  are  to  keep  boundary 
singularities  of  the  integrand  out  of  the  contour.  These  are  actually  not 
necessary  because  the  singularities  are  only  logarithmic  and  are  integrable. 
The  real  part  of  the  integrand  is  even  while  the  imaginary  part  is  odd. 


I 

( 

2 Zmi*?] 
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The  oddness  of  the  Imaginary  part  is  assured  by  the  faot  that  : 


22 


TT  f.yix 

* m; 


contains  no  right-hand  faotors  in  either  numerator  or  denominator*  There- 
fore the  sign  of  this  quantity  is  positive  at  p • 0 and  there  1b  no  jir  term 
associated  with  the  logarithm  of  this  quantity*  Suoh  a jir  tern  would  des- 
troy the  odd  symmetry  of  the  imaginary  part. 


The  integral  of  the  odd  part  oanoels  out  over  the  whole  path  along 
the  p • J w axis  so  that  only  the  even  part  is  left  giving 

/"log  | 2“  | jdW  - 2irj  ( £ - | Px)  (39) 

whioh  simplifies  to  the  desired  integral  restriction. 

S I ^ I d«  ■ ■ < r - f (40) 

It  may  be  seen  from  (40)  that  any  right-hand  taros  in  SggWill  re- 
quire px  terns  whioh  will  have  the  effeot  of  decreasing  the  integral  just 
as  if  the  value  of  L were  inoreased.  Therefore  S<22(p)  should  contain  only 
those  right-hand  zeros  whioh  are  presoribed  and  in  this  case  there  are  none. 

At  the  outset,  it  was  stated  that  log  ll/Sggl  would  be  constant  for 
0«»*l  and  would  be  zero  for(t»l.  This  makes  the  integral  very  simple  to 
evaluate,  giving  the  minimum  value  for  Isgg(j6>)l  in  the  range  1.  This 

value  is 


ls2g(jw)l  - e""/1-  0«W$1  (41) 

and  therefore  .the  maximum  value  of  P0  is  known  in  terms  of  the  specified 
mismatch  Is^l  and  speoified  load  induotanoe  as 

PQ  - (1  ♦ lsn!)(l  - e-V1;  !snl^  e^A  (42) 

It  oan  be  scon  from  (42)  that  a slight  increase  in  PQ  oan  be  ob- 
tained be  increasing  IS.. I,  but  for  large  L,  the  allowable  mismatoh  is  re- 
stricted to  a very  small  value,  e"nA . It  will  be  recalled  that  making  lsu  I 
greater  than  this  value  would  cause  the  wrong  inequality  of  Theorem  4 to  be 


I 

i 


1 


r 


~.Lu 


rsptsflmttzi  i 


. - ■**-  -*■*«  KVSUi 


•~~H 


fl- 


R=308=63,  PIB-247 


21 


applicable  and  the  matohlng  network  would  not  be  the  optimum  defined  by  Theorem 

6. 


Hie  P(co),  Is^tUw)!  and  I S22  ( J <■>)  I curves  are  given  by  Figures  MRI- 
13040b, MRI-13040o  and  HRI-13040d  respectively.  A matching  network  would  have 
to  be  quite  complicated  to  produoe  such  sharp  transitions  as  are  shown  in 
these  ourves.  To  illustrate  the  procedure  of  actually  designing  a network, 
a simple  approximating  function,  will  be  used  for  P(ft>)  and  the  matohing 
network  whioh  produoes  this  function  will  be  shown. 


The  funotion  whioh  will  be  used  to  approximate  the  rectangular  ourve 
of  Fig.  MRI-1 3040b  is: 


ls12(jw)!2  - p(«)  - 


1 +6S 


T 


(43) 


whioh  has  the  value  a at  to  • 0 and  drops  to  half  this  value  atw«  1,  the 
edge  of  the  pass  band.  This  is  not  a very  close  approximation  to  the  desired 
reotangular  form,  but  the  algebraic  complexity  of  better  approximation  makes 
them  too  formidable. 

The  inpK',  mismatch  will  again  be  taken  sb  constant,  that  is 

I sn(jw)l  - lsnl. 

From  equation  (30)  the  ISggtjfcOl  funotion  may  be  determined  as  * 


ls22(jo>)l 


322' 

a2  2 

1 + o 2 


(44) 


The  oomplex  funotion  Sgg(p)  is  easily  determined  from  the  knowledge 
that  Sgg(p)  should  have  no  right-hand  zeros  in  order  to  make  the  most  efficient 
use  of  the  integral  restriction. 


<Wp) 


(p  *'Y,  »* 

e — &' 


r T5r^nT 

j 5 


(p  * iy 


The  simplest  possible  S^g(p)  is 


) 


2 


(45) 


a 

FT 


(46) 
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Now  Sj^(p)  is  sp®oifi*d  according  to  equation  (21)  as: 


and,  fortunately,  this  turns  out  to  be  rational. 

The  [s]  matrix,  whose  elements  are  specified  above,  is  the  matrix 
of  the  2 -port  composed  of  the  matohing  network  and  the  induotanoe  L of  the 
load*  If  the  2-port  E representing  the  load  were  complicated,  the  easiest 
method  of  synthesis  would  be  to  find  the  scattering  or  impedanoe  matrix  of 
the  matohing  network  D.  The  matohing  network  would  then  be  synthesised  by 
itself.  In  this  oase,  however,  the  simplest  procedure  is  to  find  the  im- 
pedance matrix  of  the  composite  network  U3J  and  then  synthesise  the  composite 
network.  The  impedanoe  matrix  is  used  beoause  it  iB  known  at  the  outset 
that  there  will  be  an  induotanoe  L in  series  with  one  terminal  of  the  network. 

Matrix  equation  (6)  gives  the  impedanoe  matrix  in  terms  of  the 
scattering  matrix.  The  matohing  network  and  the  element  values  obtained  from 
,■  this  impedanoe  matrix  are  shown  in  Fig,  MRI-13041a. 

It  should  be  noted  that  the  relation  between  a,  f S^i J and  L could 
be  found  from  the  integral  restriction  on  lsgg(j«0)l.  This  would  involve 
oomplioated  mathematics,  however,  so  it  is  better  to  proceed  with  the  syn- 
thesis and  obtain  a value  for  L in  terms  of  a and  iSu  I * The  value  in  this 
oase  is 

L - L (48) 

1 ‘y'-TThS^t- 

This  gives  the  value: 

a2  - (X  «•  lsu!)  ( £ - p) 


(49) 


tauuihV »ti a^i^ji»w>yteAWa  u suw-^riiiteiTv  i 
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whioh  may  be  oompared  with  the  height  of  the  reotangular  curve  given  by  Equation 
(42). 

It  was  noted  in  this  oase„  the  minimum  value  of  ls22(  jw)  I occurs  at 
C»  ■ 0 and  this  value  must  be  greater  than  I Sjj  I .’  That  is 

1 -rr^-1l  » fen1  (“> 

whioh  oan  be  ohanged  to 


1 - lsnl2  - a2  * 0 


(51) 


g 

TJsing  the  value  for  a ' given  by  Equation  (49) 

a*  Isjx1  - Ki1  0 

L 


(62) 


Equation  (62)  may  be  interpretated  in  two  wayB*  as  an  upper  limit 
°n  IS^i I,  and  as  a lower  limit  on  L.  When  the  inequality  in  solved  for 
the  relevant  branch  of  the  solution  is 


L* 


(63) 


For  large  values  of  L,  the  performance  of  the  simple  network  may 
be  oompared  with  the  reotangular  curve  of  Fig.  MRI-13040b  because  the  ex- 
ponential  in  equation  (42)  may  be  replaoed  by  a series  to  give: 


Po  ' <!♦  Isuh  r L>>1 


(64) 


while  equation  (49)  may  be  approximated  by? 

a2  • (1  + I Sn  I ) £ L > > 1 


(66) 


It  may  be  seen  that  for  large  the  P(<*>)  of  the  simple  network  is  only 
2/ff  of  the  reotangular  response  at  w = 0 and  at  &>  *>  1 the  ratio  is  worse, 
namely  l/tr.  For  Braall  values  of  Li  the  simple  cirouit  of  Fig.  MRI-1304.1a  com- 
pares a little  better.  The  response  is  shown  in  Fig.  MRI-13041b  for  the 
smallest  possible  value  of  L,  namely  L = 1 -s/ihich  requires  I “ 0 an<^  ®^xl» 
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These  conditions  show  the  simple  network  of  Fig*  MRI-13Q41a  in  its  most 
favorable  light  for  comparison  tilth  the  reotangular  response* 

The  ohoioe  of  parameters  used  in  the  above  plot  leads  to  a 
rather  simple  degenerate  oase*  The  matohing  network  consists  of  the  series 
combination  of  a resistor  and  oapaoitor  in  parallel  with  the  load  as  indi- 
cated in  Fig*  MRI-13Q41b  and  is  a well  known  R-L-0  oonstant  resistance  net- 
work* The  ideal  transformers  both  disappear  only  for  this  ooirbination  of 
parameters.  The  lower  transfomer  of  Fig*  MRI-lS041a  oan  be  elminated  if  . . 

a ■ 1 and  • sn ■ * 0*  while  only  the  upper  transformer  disappears  for. aL  ■1+18^1. 
For  both  transformers  to  disappear,  it  is  necessary  that  a « 1,  IS..I*  0, 
and  L " 1* 


Example  2 


Suppose  that  a matohing  network  is  to  be  designed  to  matoh  the  load 
impedance  of  Fig.  MRI-13042a  to  a one  ohm  generator  so  that  the  generator  sees 
a perfrf&t'iaatoli  at  all  frequencies  and  so  that  the  power  reaching  the  load\is 


oonstant  and  independent  of  frequency.  That  is  P («)  • P0  for  all  a>  . 

There  are  two  answers  that  might  be  desired  in  this  problem.  The 
first  iB  a knowledge  of  the  maximum  value  of  PQ  without  any  knowledge  of  the 
form  of  the  matdhing  network.  The  seoond  answer  is  a complete  design  of  the 
optimum  matohing  network. 

The  first  answer  is  obtained  by  means  of  the  integral  restrictions 
on  the  magnitude  of  S2g(jw). 

The  lossless  2-port  whioh,  when  terminated  in  one  ohm,  represents 
Z(p)  may  be  obtained  as  follows: 


pTT 


E-n(p) 


tfp]  »'  T 


■ 1 - lEn(j«)!2 


8ti+4 

lfW 


-2  ( \/T  P “ 1) 

5pT“2 


(59) 
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The  above  Eig(p)  funotion  ia  not  the  only  one  whioh  has  the  magni- 
tude speoified  by  (68)  but  it  is  the  simplest  function.  The  funotion  Egg(jft)  ) 
is  now  obtained  from  the  requirement  that  the  scattering  matrix  I El  of  the 
lossless  2-port  (be  unitanr  on  the  p - j Ci»  axis.  This  same  requirement  was 
used  to  obtain  IE^g(jaO*  aooording  to  equation  (58). 


e*i(3<>*)Ei2(^) 

B l2  (j<*) 


(2  - 

(r-?j"^T3'j<5viy(^ 


(80) 


®22(P) 


- - P ( ^ F “ 1). 
(3p  * 2) (v^p  ♦ 1) 


(61) 


The  actual  lossless  2-port  E may  be  found  from  the  above  scattering 
matrix  by  determining  the  open  circuit  impedance  matrix  from  equation  (6)  and 
then  synthesizing  the  network  from  the  impedance  description.  The  2-port  E 
is  shown  in  Fig.  MRI=13042b. 


The  funotion  E]g(p)  has  a simple  zero  on  the  positive  real  axis  and 
the  reflection  coefficient  Egg(p)  has  a coincident  zero.  That  is,  n ■ 1 and 

t0  » 1.  Therefore,  there  should  be  2n  - - 1 integral  restriction  on 

s22(j6>)'*  This  restriction  will  now  be  derived. 


Theorem  3 requires  that  Sgg  - Egg  have  at  least  a second  order  zero  „ 
at  p • l/v#.  Suoh  a second  order  zero  is  assured  by  putting  a zero  in  Sgg(p) 
at  p ■ 1 AJE  and  making  the  oonstant  term  (first  tern)  in  the  Taylor  series  for 
Egg(p) /vfr  P * 1 equal  to  the  first  term  in  the  Taylor  series  for  Sgg  (p)/v^p-l. 


13043a. 


The  following  line  integral  is  taken  around  the  path  of  Fig.  MRI- 


(62) 


The  argument  of  the  logarithm  in  the  integral  numerator  has  the  same 
magnitude  as  l/Sgg  along  p ■ j&)  but  all  right-hand  zeros  have  been  ooncelled 
out  of  Sgg. 

If  the  numerator  is  expanded  in  a Taylor  series  the  first 
term  in  the  expansion  is  known  by  virtue  of  the  second  order  zero  in  Sgg-Egg* 
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The  higher  order  terms  oontain  powers  of  (p  - l/v^T)  whioh  oanoel  out  the 
p - 1/yJS  factor  in  the  denominator*  Thus,  only  the  first  term  has  a 
residue  at  p - 1/yJS  and  the  following  equation  results « 


(P  - 5 <1 " 1) 

yv  yZ 


£22L.l 

+Pr  i 


P+Px 


dP 


lo6f-(3*2v*)  v$L -1 

f L v?  * ** 

T 


dp 


■ log  [- 

v?  L 


(3  ♦ 2v#) 


54 


y/g+  PX 


(64) 


The  imaginary  part  of  the  logarithm  is  an  odd  function  along  p = jai 
although  there  may  also  be  a constant  jrr  term  due  to  a (-1)  factor  in  Sgg(p). 
If  such  a factor  is  present  in  832 (p)»  however,  the  right-hand  side  will  also 
have  a jn  term  so  these  constant  terms  will  cancel  out.  The  integral  of  the 
imaginary  part  on  the  loft-hand  side  will  therefore  canoe?,  over  the  full  j <*> 
axis* 


The  integral  on  the  left-hand  side  of  (64)  is  zero  on  the  large 
semi-circle  of  the  path  because  the  denominator  is  quadratio.  All  that  re- 
mains of  the  left-hand  side  of  (64),  then,  is  the  integral  of  the  real  part 
whioh  simplifies  to  : 

-o  111 

/0  d(vS«)  - J log(3  ♦ 2v?)  + £ ( log 

■ .i-  ■ — ...  x 

1 + Z(*C 


_yj|  " p : 


r 

+ 


(66) 


Equation  (65)  is  the  desired  integral  restriction.  The  pxin  this 
restriction  all  have  positive  real  parts  so  it  may  be  seen  that  any  extra 
right-hand  zeros  in  S22(p)  will  decrease  the  area  allowed  under  the  weighted 
log  1I/S22I  curvs.  Therefore,  the  only  right-hand  zero  which  should  appear 
in  Sgg(p)  is  the  required  one  at  p = l/v?. 

For  the  optimum  matching  network,  ls22(jw)i  should  be  constant  to 
give  a oonstant  P(fr>)  according  to 

P(6>)  - Po  - 1 - Is22(j6»)l 


(66) 


fi-308-53,  PIB-24'7 


2? 


and  tha  value  of  ! Sg2 ( J *•*  ) ^ ®®sily  obtained  beoausa  log  ll/®22^  can  b® 
taken  outside  of  the  integral  in  (65). 


Is22(j6»)l 

1 

* TTT^T 

(67) 

Po  " 7 » ~ 

- Is12  (j  w)  I2 

(68) 

The  complex  function  S12(p)  ls  obtained  from  the  known  magnitude 
by  noting  that  S^g(p)  should  oontain  the  Eq2(p)  zero  at  p *»  l/'JZ  with  at 
least  the  same  multiplicity.  The  simplest  function  having  the  proper  magni- 
tude along  p « j co  is  given  in  (69).  The  (-1)  factor  is  inserted  to  insure 
that  there  is  no  polarity  reversal  at  d.o. 


s 2(p)  - ('Sen!)  {6e> 

v*?  * 1 

The  S22(p)  function  must  also  have  a zero  at  p ■ l/y/Z,  Moreover, 
the  fi-"st  term  in  the  Taylor  series  for  Sgg (p)  about  p - l/'Jc  must  be  the  same 
as  the  corresponding  term  in  the  E22(p)  series.  This  fixes  the  sign  of  S22(p)* 
givings 


-1  (yg  p - 1) 

3*2^  yJS  p ♦ 1 


(70) 


Now  that  the  overfall  scattering  matrix  LSJ  is  completely  deter- 
mined, the  scattering  matrix  [dJ  of  the  matohing  network  alone  may  be  foun,d 
by  salving  equations  (9),  (10)  and  (11)  for  elements  of  [bj  in  terms  of  Lsi 
and  [eJ.  The  open-circuit  impedance  matrix  of  the  matohing  network  can  then 
be  computed  and  the  network  drawn  from  the  impedance  matrix.  The  matching 
network  is  shown  in  Fig.  MRI-13042c  and  it  is  seen  to  contain  two  ideal 
transformers.  If  the  minus  sign  had  not  been  inserted  in  S]2(p)»  both  trans- 
formers would  have  had  reversed  polarities. 

The  optimum  matching  networks  in  both  examples  are  probably  too  com- 
plicated to  use  in  actual  equipment  because  they  contain  inter-connected  ideal 
transformers.  The  chief  use  of  the  theory  developed  in  this  section  is  to 
predict  the  maximum  performance  that,  can  be  obtained  from  a matching  network. 
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regardless  of  its  form  or  complexity.  Then  the  performance  of  praotical 
matohing  networks  can  be  compared  with  this  theoretical  maximum  to  determine 
the  amount  of  improvement  that  may  be  afforded  by  a more  ingeneoua  design. 
Some  practical  forms  of  matohing  networks  are  desoribed  in  Referenoe  11. 
Referenoe  7 illustrates  the  use  of  the  general  theory  of  wideband  matohing 
in  guiding  the  design  of  simple  matching  networks. 


8.  Extension  to  Arbitrary  Generators 


The  previous  sections  were  oonoemed  with  matohing  an  arbitrary 
load  impedanoe  to  a generator  whose  available  power  was  one  watt  and  whose 
internal  impedanoe  was  a pure  resistance  of  one  ohm.  Using  a one  ohm  genera- 
tor merely  means  that  all  impedanoes  are  normalised  to  the  internal  resistance 
of  the  generator.  Thus,  the  theory  applies  to  any  problem  in  whioh  the  inter- 
nal impedanoe  of  the  given  generator  is  a oonstant  resistanoe. 

The  theory  already  developed  oan  also  be  extended  to  inolude  genera- 
tors whose  available  power  is  not  constant.  These  problems  occur  in  praotioe. 
For  example,  oonsider  a generator  whioh  consists  of  a long  ooaxial  oable  oon- 
neoted  to  a oonstant-voltage,  adjuBtable-frequenoy  oscillator.  The  oable  has 
a oonstant,  real  characteristic  impedanoe  beoause  its  attenuation  per  foot 
is  small.  However,  the  oable  is  long  enough  so  that  its  output  impedanoe  is 
not  affected  by  the  osoillator  connected  at  the  input  end.  Thus  the  combined 
oscillator  and  oable  is  a generator  whose  internal  impedanoe  is  a real  oonstant 
equal  to  the  characteristic  impedanoe  of  the  oable,  but  whose  available  power 
varies  with  frequenoy  beoause  the  oable  attenuation  varies  with  frequency. 

The  generator  in  question  is  shown  in  Fig.  MRI-13043b  together 
with  the  matohing  network  and  the  load  impedance.  The  internal  impedanoe  of 
the  generator  appears  as  one  ohm  beoause  all  impedances  are  normalized  to  the 
generator  resistanoe.  The  available  power  of  the  generator  is 


pa<«) 


i L 


(71) 


and  the  power  dissipated  in  the  load  is  P(*>).  F(a>)  and  P.  (<*■»)  are  related 

by? 

P(<o)  = ls12(ja>)l2  Pa(w)  (72) 

when  Si2(p)  is  the  off-di-gonal  element  of  the  scattering  matrix  o.f  the  tan- 
dem combination  of  matohing  network  D and  lossless  2-port  E as  shown  in  Fig. 
MRI-13043c.  The  2-port  E is  used, as  before,  in  the  Darlington  representa- 
tion of  the  load  Z(o).  Everything  is  the  same  as  in  the  previous  sections  ex- 
oept  that  P(«o)  is  not  equal  to  because  tho  available  power  of  the 
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g8n.erator.is  no  longer  one  watt.  All  the  Theorems  were  purposely  written  in 
terms  of  ISigCjw)!*  rather  than  P(w  ) so  that  they  would  be  applicable  to 
the  more  general  situations. 

To  summarise:  When  an  arbitrary  load  impadanoe  Z(p)  is  to  be  match- 

ed to  a one  ohm  generator  whose  available  power  is  Pa(v),  all  the  Theorems 
previously  developed  apply  and  it  is  merely  neoessary  to  note  that  ISi2(j«)r 
is  the  ratio  of  power  dissipated  in  the  load  to  available  power  of  the  genera- 
tor. 


The  theory  developed  in  previous  seotions  applies  to  the  system  of 
Fig.MRI-13044a  in  which  a constant  resistance  load  is  to  be  matched  to  a 
generator  whose  available  power  and  internal  impedance  are  both  arbitrary 
function  of  frequenoy. 

The  available  power  PQ  of  the  generator  in  Pig.  MRI-13044a  is 


Pa(»)  » 


I2 

mt*y 


(73) 


where 

- R (ft>)  + jX(w)  (74) 

The  internal  impedanoe  Z(p)  of  Ihe  generator  oan  be  represented  as 
a lossless  2-port  E terminated  in  one  ohm  as  shown  in  Fig.  MRI-13044b.  Now 
the  system  consists  of  two  2-ports  in  tandem  in  exactly  the  same  way  as  the 
preceding  oases,  except  for  the  generator  E(c*>)  inserted  between  the  two  net- 
works . 


The  phase  of  the  power  reaching  the  load  is  not  important,  and  since 
magnitudes  only  are  of  interest,  the  voltage  generator  oan  always  be  placed 
in  series  with  the  terminating  resistor  at  port  2 of  network  E.  This  is  shown 
in  Fig.  MRI-13044O  which  is  identical  to  Fig.  MRI-I3Q43o  except  that  the  gen- 
erator is  connected  to  end  2 of  the  combined  network  rather  than,  end  1.  This 
is  of  no  importance  because  the  networks  obey  reciprocity  so  that  the  power 
P(fc*)  in  the  load  is  given,  as  before,  be  equation  (72). 

As  far  as  the  matching  problem  is  oonoemed,  nothing  has  been  lost 
by  moving  the  generator  from  its  original  position  in  series  with  end  1 of 
the  lossless  2-port  E to  the  new  position  at  end  2 of  E.  Phase  information, 
it  is  true,  has  been  thrown  away,  but  the  magnitudes  have  been  unaltered.  The 
ohange  from  Fig.  MRI-13044b  to  Fig.  MRI-13044c  is  always  valid  as  long  as  Pa(co) 
is  finite.  This  precludes  the  case  in  which  the  internal  resists! oe  R(w  ) of 
the  given  generator  is  zero  while  the  voltage  E(w ) is  not  zero.  Such  a gen- 
erator is  not  physically  possible,  so  that  the  representation  of  Fig.  MRI-13044c 
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is  always  valid. 

In  summary,  then,  the  general  theory  of  wideband  matching  applies 
to  the  matching  of  a constant  resistance  load  to  a generator  whose  internal 
impedance  is  complex  and  whose  available  power  is  a function  of  frequency. 
The  mismatch  at  the  terminals  of  the  given  constant  resistance  is  given  by 

lsu(J")l* 


9»  Special  Case  of  Refleotionless  Matching 

Seme  mention  should  be  made  of  the  important  special  case  of  re- 
fleotionless matching  with  optimum  power  transfer  efficiency  networks.  Such 
structures  match  a load  to  a constant  resistance  over  the  infinite  real  fre- 
quency band. 

The  limitations  for  this  case  are  readily  found  from  Theorem  f>, 
by  introducing  the  matching  constraint  fSjjJ  - 0,  corresponding  to  a unit 
normalized  constant  input  resistance.  Equation  (b)  of  the  Theorem  specify- 
ing maximum  insertion  gain  becomes 

|S12U«)|2  - 1-|»K(J«)|  (75) 


Further  the  synthesis  of  the  matching  network  is  considerably 
simplified  in  this  case  for  the  specification  of  S-^  as  a function  of  two 
amplitudes  (See  Equation  21)  whose  product  must  be  rational  is  not  required. 
Once  the  optimum  |S22(dw)|  andjS^C jw)  j have  been  found  from  the  integral 
constraints  and  Equation  75,  it  is  always  possible  to  find  the  complex  ra- 
tional functions  S22  and  Si2»  These  in  conjunction  with  ■ 0 specify 
the  complete  network  tfiich  may  then  be  synthesized  according  to  methods 
already  described. 

It  is  interesting  to  compare  the  performance  of  optimum  dissipative  match- 
ing networks  with  optimum  lossless  networks  (the  latter  designed  on  the 
basis  of  minimum  input  reflection  amplitude  over  a prescribed  band).  This 
is  easily  done  since  the  limiting  factor  in  both  lossy  and  lossless  net- 
works is  the  amplitude  function  |S22(jw)|  as  determined  by  the  integral 
constraints  imposed  by  the  prescribed  load.  The  minimum  value  of  input 
reflection  factor  amplitude  over  a given  pass  band  when  lossless  matching 
networks  are  used  is  and  the  maximum  insertion  gain  of  the  loss- 

less matching  network  when  excited  by  a matched  generator  is: 


1 - IM 


2 


22'KCN 


P (MAX.  IOSSLESS) 
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Equation  (b)  of  Theorem  $ gives  the  maximum  Insertion  gain  of  a 
dissipative  matching  network  in  terms  of  1®22  ^MIN  w*ien  i-3  prescribed 


P (MAX.  IDS SY)  - (1  + |S--|)(1  - |SpJ) 


The  ratio  of  maximum  gains  when  a given  load  is  matched  by  optimum 
lossy  and  lossless  networks  isi 


P (MAX.  LOSSY 


P (MAX.  IOSSLESS) 


1 + [S 


22* MIN 


In  the  limit  when  |S0J  ■ 1,  this  becomes 

“MIN 


P (MAX.  I0SSY) 


I (1  + |Sn|)  (77) 


In  the  case  of  a reflectionless  matching  network  Is^l  » 0,  and 
the  rather  startling  .fact  emerges  that  in  the  pass  band  the  insertion  loss 


of  an  optimum  dissipative  matching  network  which  matches  a load  to  a re 


edance  without  reflections  over  the  ihflnite  real  irequenc; 


can  never  exceed  that  oi  an  optimum  lossless  networ 


e pointed  out  that  in  practical  problems  IS22  ImIN  ^ 80 

the  difference  in  insertion  loss  between  lossy  and  lossless  matching  is 
invariably  considerably  less  than  3db. 
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b.  PERFORMANCE  OF  SIMPLE  MATCHING  NETWORK 
COMPARED  TO  BEST  POSSIBLE  LOW-PASS  RESPONSE 
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SIMPLE  LOAD  AND  MATCHING-  NETWORK 
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NORMALIZATION  OF  AVAILABLE 
POWER  OF  GENERATOR 
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MATCHING  ARBITRARY  GENERATOR 
TO  RESISTIVE  LOAD 
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